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Self-similar solutions of nonstationaty equations of the boundary layer 
in ordinary hydrodynamics are discussed in [1, 2]. In this paper self- 
similar solutions of nOnstationary equations of a plane magnetohydro- 
dynamic boundary layer are sought. In this ease, a transformation to 
curvilinear coordinates of a certain special form is employed. Its 

choice is determined by the requirements essential to reducing the 
equations of the boundary layer to a system of ordinary equations. 
H. Weyl's iterative method is u~ed to solve the equations describing 
the flow over a plate suddenly set in motion. 

I. Let  us consider the  t r a n s f o r m a t i o n  

0 (v'~,,')+ 0 (F~,,')= 0, 

0 0-~ (V ~ n ' ~  + (V~H')  = o,  

Or OT v~ ~T 

I *  
o 

w h e r e  w is  a s t i l l  a r b i t r a r y  funct ion.  We sha l l  obta in  
an a p p r o x i m a t i o n  of  the  bounda ry  l a y e r  in t h e s e  c o o r -  
d ina t e s  if we w r i t e  the equat ion of m a g n e t o h y d r o d y n a m -  
i e s  in  t hem [3], and we sha l l  s eek  t h e i r  so lu t ion  in  
the  f o r m  [4] 

v~ = v~*, v~ ----- ev~* (e = R- ' / ' ,~ i) 

wi th  a c c u r a c y  to e 2. In th i s  a p p r o x i m a t i o n  fo r  the  b a s e  
v e c t o r s  a i ,  and the m e t r i c  t e n s o r s  gik, g ik  we obta in  
[5] 

o~/o[ 

(el a r e  the  unit  v e c t o r s  of  the  C a r t e s i a n  axes) .  The 
r e l a t i v e  change  in an e l e m e n t  of vo lume  (Jacobian)  
i s  g iven  by  the f o r m u l a  

( d ~ - - ~  = ~ =  ~. 

The equat ions  of the  bounda ry  l a y e r  in the  c o o r d i -  
n a t e s  ~, 77 fo r  R m ~ R and a given e x t e r n a l  m a g n e t i c  
f ie ld  He{He, 0, 0} have  the f o r m  

~ - - -  a~, - -  ml 

Mtl 

Ot 

l . ~ 0//1 , OH t i 

= V g  On ( v , H ~ - -  v,,H,) + CE 4nz ~ ] 

/ a r  ~' cs (al l1/ ,  ( 1 . 2 )  
+~g ~ )  + ~ , o ~ .  

Here  the  s u p e r s c r i p t s  a r e  used  to denote  the  con-  
t r a v a r i a n t  componen t s  of the  v e c t o r s  and the sub-  
s c r i p t s  the  c o v a r i a n t  componen t s .  In th is  c a s e  

= v j =  v=, v ~ = w v ~ ,  H a = H  ~ = H z .  

We s e l e c t  the  fol lowing as  bounda ry  and in i t i a l  con-  
d i t ions :  

v~ ~ U (z,  t), H~ --, H.  (z,  t), 

T --, T, (x, t),when "q--, ~ ,  t > 0 ,  (1.3) 

v~=  v s = H a = H  2 ~ 0 ,  T =  T,(x,  t) w h e n ~ l = o , t > 0 ,  

v l =  U(x ,  0), H t =  H. (x ,  0), T = To(X, 0 ) w h e n t = o .  

The  cont inu i ty  equa t ions  a r e  i d e n t i c a l l y  s a t i s f i e d  
by  in t roduc ing  the  s t r e a m  funct ion fo r  the  v e l o c i t y  
and the  magne t i c  f ie ld  <P: 

Hi t 0~ H2 t O~ 

vl t O$ vt i a| (1.4) - - ~ ,  = - - - ~  

We sha l l  s eek  the so lu t ion  of Eqs .  (1.2) in the  f o r m  

~g = a (~, t)G (n), 

r = ~p (~, t)] (~}), T = I", (~, $)0 (1]).  (1.5) 

F r o m  (1.4)  and (1.5)  we ge t  

H '  --  H, (g, t) V' (q), 

ow OH,~I ~ a_, 
H '  = - -  ~ -  Y ,  - ~  q- w--j~-~ j c,, g "  = w 

v ~ = u (L  t) f (~), 

v s - -~--[u a. o u -  
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In t h i s  c a s e ,  Eqso (1 .2 )  b e c o m e  

- c~ (1 - -  1')  - -  c~ (1 - 1'~) - -  cd" , l  - ( q  + cD[f" = 

-- I ' "  + s ~ ( -  c, (1 - a '~) - ( q  + c , ) C a " )  = O, 

c~G" - -  %G"~] = (c~ -t- c~) IG ' !  - -  GI ' ]  + ;~G'" , 

2clO - -  c~O~l' + 2 c z l ' O  - (% + c D i O '  = 

= P - ~ O "  + M ~ ( / "~  + S 2kG "2) .  (1 .6 )  

T h e  p r i m e s  i n d i c a t e  d i f f e r e n t i a t i o n  in r e s p e c t  to  ~, 

w ~ O U  w z OU $2 H e  ~ ;g c ~ 

v U  Ot ' c2  - -  v O~ ' 4 : t p U  ~ ' - -  4 : t ~ v  ' 

w Ow wU Ow U ~- 
c~--  -~- 0-i-' c~ - M "~ -- - -  ( 1 .7 )  

"v O~ ' % T  e 

If  we r e q u i r e  t h a t  c i ,  S, M s h o u l d  b e  c o n s t a n t s ,  
t h e n  E q s .  ( 1 . 6 )  b e c o m e  o r d i n a r y  e q u a t i o n s ,  and  ( 1 . 7 )  

w i l l  g i v e  t h e  s y s t e m  f o r  d e t e r m i n i n g  U, w, H e, and  
T e .  D i f f e r e n t  c a s e s  of  s e l f - s i m i l a r i t y  a r e  o b t a i n e d  
b y  w r i t i n g  d i f f e r e n t  c o m b i n a t i o n s  of  c i, and  a r e  p o s -  

s i b l e  in  t h e  f o l l o w i n g  c a s e s .  

1 ~ L e t  u s  c o n s i d e r  t h e  s t a t i o n a r y  f l o w s  c 1 = c a = 
= 0. T h e  e q u a t i o n s  of  m o t i o n  w i l l  b e  of  t h e  f o r m  

l ' "  + 1 / "  = fi 11'~ - I + s 2 ( t  - G'~)I + S~GG '', 
X G ' "  + ] G "  - -  I " G  = O, 
P - l O "  + 1 0 '  - -  2130/' + M s (1"~ + S2kG ''2) = 0 

(c~c, + 1 = 11~, c~ = ~). 

T h e s e  a r e  w e l l - k n o w n  e q u a t i o n s  [6] c o r r e s p o n d i n g  
to  a v e l o c i t y  of  t h e  e x t e r n a l  f low of  t h e  f o r m  U ~ x m,  
U ~ e ~x .  In [7] the  s y s t e m  c o r r e s p o n d i n g  to f low o v e r  

a p l a t e  (/3 = 0) w a s  s o l v e d  b y  a n  i t e r a t i v e  m e t h o d .  
A n a l y t i c  e x p r e s s i o n s  w e r e  o b t a i n e d  f o r  t h e  f i r s t  i t e r a -  

t i o n s  f o r f ~ ,  G~. 

2 ~ L e t  u s  c o n s i d e r  n o n s t a t i o n a r y  f l o w s .  

a) I n t h e  c a s e c  2 = c  a = 0 ,  c 3 ~  0, c t  ~ 0 w e h a v e  

w ~ = 2cat, U ~ t 'l'~'lc', H ,  ~ t 'l'e'l~~ T ,  ~ f ,  le,. 

T o  d e t e r m i n e  f ,  G, and  | we  o b t a i n  t h e  e q u a t i o n s  

1 ' "  + cd "~ l  + q (i - I3  = 0, 

k G ' "  - -  q G '  + %G"~l = O, 

P - l O "  + caO'~ i - -  2Q6) -1- M s (1"~ -t- S~;~G ''2) = 0 �9 ( 1 . 8 )  

The first equation of (I. 8), when S = 0, describes 

the initial flow of an ordinary fluid over an infinite 

plate suddenly set in motion at t = 0 and, in the first 

approximation, over a cylinder. For the cases 2c3/ 

/c I _= ~ = 0.1 its solution was considered by Blasius 

[8], and for G = I, 2, 3, 4 by Hertler [8]. Watson [9] 

gave a solution for arbitrary G. System (I. 8) de- 

scribes an analogous flow of a conducting fluid in a 

homogeneous magnetic field directed parallel to the 

flow. The solutions of the first two equations of sys- 

tem (i. 8) satisfying the conditions 

] '  -~ t ,  G' ~ l ,  6) -~ t w h e n  r l ~ ,  
( 1 . 9 )  

I = 1' = G = G' = 0, O = c o n s t w h e n T l = 0 ,  

a r e  of  t he  f o r m  

/ ( . q ~ ) = ~ h _ 2 2 , r ( a _ a t ) g , w , ( n , )  t r ( a + 1 )  
' 2 r ( a  + % ) '  

, ( 
G (Th) = 2~'F (a q- t )  g~,+,l, (rl~) z F (a + 312) Th = ---G--2 ~1 , 

c o  

g , ( n )  r  (T - -  n ) ' :  e - "  dT 

(F (a)--is the gamma function). 

b)  I n t h e  c a s e c  2 = c  a = c  3 =  0, w e  h a v e  

U ~ e x p , L - ~ ,  H ~ e x p - ~ 2  t ,  w = c o n s t ,  

f f  - - c ~ / '  + c l  = O, ~ G ~ - - c x G ' =  O, 

P - 1 0 " - -  2qO -t- M 2 (1"-1- S~LG ''2) = O. 

T h e s e  e q u a t i o n s  d e s c r i b e  a f low a l o n g  a n  i n f i n i t e  
f l a t  p l a t e  m o v i n g  a t  a n  e x p o n e n t i a l l y  i n c r e a s i n g  v e l o c -  
i ty .  On ly  t h e  v a l u e  c 1 > 0 c o r r e s p o n d s  to t h e  s o l u t i o n  
of  t h e  b o u n d a r y  l a y e r ,  a s  f o l l o w s  f r o m  t h e  f i r s t  e q u a -  
t i o n .  

c) In t h e  c a s e  c 4 = 0, c 1 = - 2 e 3 ,  e 2 = 2m,  c 3 = 1, 
we  h a v e  

X ~ ~r 2 

U ~ -F  m,  He ~ - / - ,  T ,  ~ - g - ,  w ~ ~ t .  

T h e  f low is  d e s c r i b e d  b y  t h e  e q u a t i o n s  

~ G ' "  - -  2 m  ( ] " G  - -  G"I') = - -  2G'  ~ G " ~ .  

1'" + I"~1 - -  2m (l '~ - -  1I") + 

+ 2 m ( l - - S  2) - - 2 ( i  - - I ' ) - -  

2 m S 2 - - ( G G  ' '  - -  G '~) = O, 

P J O "  -F 2 r n l O '  - -  4 m e / '  -~ 

+ O'T1 + 4 0  + M ~ ( I  ' '~ + S 2 X G  ''~) = 0 .  

d) I n t h e c a s e c  1 = c  2 = 0 ,  e 3 ~  0, c~;~ 0 w e t a k e  

e 4 = ce, e 3 = 1 - ce, 0 -< G -< 1. T h e n  t h e  e q u a t i o n s  

a r e  r e d u c e d  to  t h e  f o r m  

l " '  + l "  {n + a ( l  - n)} - S~aV '' = O, 

X~7'" + a  { a " ! - -  l " a }  + (t  - - a ) a " n  = O, (1 .10 )  

] 'O - - I O '  {n -r (1 - -  71)} = P - x O "  Jr- M s (1 ''3 + S2LG"Z),  

r --. 1, G' --* t ,  O --. t w h e n  ~,-~ ~ ,  

] = / '  = G '  = G =  0, O = c o n s t  w h e n  ~l = 0. ( 1 . 1 1 )  

This case describes a nonstationary flow over a 

plate set in sudden motion at a constant velocity (the 

Rayleigh problem). The value G = 0 corresponds to 

the initial motion of the plate and ~ --~ I approximate- 

ly to the stationary mode. Thus, the parameter (~ 

characterizes a change in the form of the equations 

from linear (initial motion) to nonlinear (stationary 

mode). An examination of the case R m < R, H s(0, 

Hs, 0) completely duplicates the foregoing. For ex- 

ample, for the Rayleigh problem we have 
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l " ' + l " { a n + ( l - - a ) l } + n ( t - - / 3 = o  (, ,=r 

2I 'O - -  O' {an + (i - -a) I}  = 

= P-~O" + M" {l' '" + nl" (1 -- 1')}. 

Since H 2 = wHs, 

H , ~  a - O - + ( t - - ~ ) t  . 

The boundary  condi t ions  for the sys t em a re  of the 
form 

] '  --+ i, 0 --* I when *}~ oo; 

/ = 1' : 0, O : constwhen~l=o. 

2. In o rde r  to solve Eqs.  (1.10), we make use  of 
an i t e ra t ive  method.  Weyl [10] has  demons t ra ted  the 
t r a n s f o r m a t i o n  of the Blas ius  d i f fe rent ia l  equation to 
the in teg ra l  equation 

t ,1)~ du}, r (,,) =/"(o)oxp{- II" (") ( " -  
@ 

to which the i t e ra t ive  method, de t e rmined  by the fol-  
lowing condi t ions,  i s  applied:  

15,  = ,{. (i,,-}. 

This  made it  poss ib le  to obta in  an analy t ic  e x p r e s -  
s ion for 3~. Weyl showed that  the sequence {fn} con-  
ve rges  to a l im i t i ng  function, which i s  a so lu t ion  of 
the p rob lem.  Moreover ,  

l"  (n) = exp ( - -  11,,12 ) 

t u r n s  out to be an acceptable  approx imat ion  to the l i m -  
i t .  In r e fe rence  [7], an i t e ra t ive  method is applied to 
solving the magne t ic  p rob l em.  F o r  the ease  X = 1, the 
convergence  of the i t e r a t i ve  p r o c e s s  is  proved the re .  
This  method is  applied below for  f inding the solut ion 
of sy s t em (1.10). 

A) Let us c o n s i d e r  f i r s t  the flow of a nonconduct ing  
fluid (S = 0). The equat ion of mot ion  is  of the fo rm 

l ' " + l " { a l + ( t  - - a ) ~ } = 0 ,  (2.1) 

/ '  ~ twhen  ~-~ ~, / = / ' = O w h e n q = o .  (2.2) 

We d e t e r m i n e  the i t e r a t i ve  p r o c e s s  in the following 
m a n n e r :  

/ . "  + 1,, 1~/._~ + ( i - - ,~)  ~} = o, 

/ . '  ( ~ )  = l ,  i,, (o) = / , '  (o) = o .  

This  imp l i e s  that  

1."(,,) = 1." (o) { -  + 
o 

�9 . :  o,.(o) { -  + f . . ,  + (, - 
O 

(O~ --- 1,,"). (2.3) 

We se lec t  the ini t ia l  function)~ in  the fo rm 

10 = coq, (2.4) 

where  c o is a s t i l l  a r b i t r a r y  constant .  It can be seen 
f rom (2.3) that ~n(0) de t e rmines  the f r ic t ion  on the 
wal l  ~? = 0. F o r  a s ta t ionary  flow, i t s  value is found 
by means  of n u m e r i c a l  methods,  

r : 0.4696. (2.5) 

The a r b i t r a r i n e s s  in the se lec t ion  of c o and the va l -  
ue of #0 can be ut i l ized to improve  the accuracy  of the 
approximat ion .  We se lec t  c o so that  when a = 1 

O~ (0', i) = Oo. ( 2 . 6 )  

It follows f rom (2.3) and (2.4) that 

~Pl (B;a) ~ @x (0;a)exp [--1]~ (aco-k- t --a)Tl*l. (2.7) 

F r o m  (2.6), (2.7), and the f i r s t  condit ion of (2.2) 
we obta in  

t --  e ,  (o; ~,) V ~  = e o  V ' / ,  ~, / ~0. 

Hence 

Co = 1/,~r = 0.3469. ( 2 . 8 )  

F or  the nons t a t i ona ry  problem,  we have f rom (2.7) 

1' (n) = ~ 2 / v r  (0: ~) I ~-v d~ 
0 

(~2 = ~ c 0 +  i --  ~). ( 2 . 9 )  

The value of ~1(0, ~) is  de t e rmined  he re  f rom the 
condi t ions  

~h(0; a) = ]/ '2/n(~c0-~ t - - ~ )  when ~1--, ~ ,  (2.10) 

r  (0; o) = V 2 ~  = 0 .7t ,  

~)1 (0; i )  = P ~ - o / g  = 0.47.  (2.11) 

A c o m p a r i s o n  of the expres s ions  (2.11) shows that  
the f r i c t ion  in  the in i t i a l  phase of mot ion  is a lmos t  
twice as  l a rge  as  in  the s t a t i ona ry  case .  

B) To solve the magne tohydrodynamic  problem,  we 
rewr i t e  the equat ions  (1.10) in  the fo rm 

r 1 6 2  1 " = r  

~.X' + a  {X] - -  G@} + (t --a)X~l = 0, G" = ~. (2.12) 

We shal l  cons ide r  two sequences  of funct ions f n  
and Gn sa t i s fy ing  the equat ions  

�9 ,; + r + ~(/ , ,_~--,1)}--s*a,,_,x, ,  = o, 

~x. '  + ~ {x,,/.-~ - -  G._,,D,J + (1 - -  a) x.n = o,  

and the boundary  condi t ions  

/ .  (0) = / . '  (0) = a .  (o) == a . '  (0) = 0. 

/ . '  ( ~ )  = a . '  ( ~ )  = I .  
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We s e l e c t  f0 = c0~, Go = coF as  in i t i a l  condi t ions ,  
w h e r e  c 0 i s  in a c c o r d a n c e  ~4th (2.8);  then the equa-  
t ions  for  the f i r s t  i t e r a t i o n s  a r e  of  the  fo rm 

~ '  + ~ ,  {:eco + (l --a)~l} + S~avFoX~ = O, 
kX,' + a {Xl --  O~} co'l + (i - -  a ) ~  = O. 

By subs t i tu t ing  the  v a r i a b l e  ~ = ~72/2, we reduce  
t hem to a s y s t e m  with cons tan t  coe f f i c i en t s :  

d - ~ - + A u = O ,  u =  X~] '  _ k _  ~ . _ r  . (2 .13}  

Here  y 2 is  d e t e r m i n e d  by  (2.9).  The so lu t ion  of 
(2.13)  is  of the  fo rm 

r  = 5 ~ e  - ~  .4- S%e-~ ,  

%, = [~ (V ~ - -  m d r + ~, (~'~ - -  ra~) e--~,  (2.14) 

w h e r e  m 1 and m 2 a r e  the  r o o t s  of the c h a r a c t e r i s t i c  
equat ion  A - mE = 0 

Xm~ = V~r (i + k) + {kS ~ + V~r (1 - ~)}'I,. 

He re  m2 i s  a lways  p o s i t i v e  and m~ i s  p o s i t i v e  when 
0 ~ S ~ _ < @ .  

By i n t e g r a t i n g  f rom z e r o  ~o inf ini ty ,  we obta in  
f r o m  (2.14) 

o 

+ oo) $o,<,> ( -  U )  
0 

( 2 . 1 5 }  

The c o n s t a n t s  Bt and /32 a r e  d e t e r m i n e d  f r o m  the 
equa t ions  

i = [h (n_~&'l,  r~ I ~ \,i, 

\ 2m~ } ~ 

and a r e  r e s p e c t i v e l y  equal  to 

13, = ~ v ( ~ - ~ , )  V - s  ' - ~ : - ~ , d )  [ 

The  c a s e  S ~ O, k ~ co c o r r e s p o n d s  ~o the mot ion  
of  a nonconduct ing f luid.  In th i s  ca se ,  m~ ~ ,/2 m~ --, 
- -  O, 3'~i --. 9~ S*'~: -~ I' (2 / '~}" and (2.14) becomes 
(2.10)~ For a f lu id with high electric conductivity 

s" -~  - .  v -~ (1 - -  8 : ) ( 2  / a ) " . .  

It fol lows f rom (2.15) tha t  in th is  c a se  G'  - -  0, that  
i s ,  the m a g n e t i c  f ie ld  does  not p e n e t r a t e  into the  f lu id .  
W h e n S  2 ~ 1 ,  w e h a v e f  ~ 0 ,  f ' ~ 0 ,  and the flow is  
s topped by the magne t i c  f ie ld .  

NOTATION 

~-viscosity coefficient, v-velocity,  V-velocity of external flow, 
H-intensity of magnetic field, o -  conductivity of fluid, v-coefficient 
of kinematic viscosity, R-magnetic Reynolds number, P-Prandtl num- 
ber, 

Primes denote differentiation; the subscript e denotes parameters of 
the externaI flow, and the subscript s walI parameters. 
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When ~? = 0, we ob ta in  f r o m  (2.14) 

r (0;  : )  = 

I,,'1 / ~ ~| / I  ,o 
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